Quantum No-Cloning Theorem Certified by Bell's Theorem 
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We investigate the connection between quantum no-cloning theorem and Bell's theorem. Designing some 
Bell's inequalities, we show that quantum no-cloning theorem can always be certified by Bell's theorem, and 
this fact in turn reflects that our physical world is essentially nonlocal. 
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In classical information theory, one may duplicate an un- 
known state into many copies, by measuring these copies one 
may accurately reveal the information of this unknown state. 
However, the situation dramatically changes when one turns 
to the quantum domain. Due to the Copenhagen probabil- 
ity interpretation of the quantum-state-collapse, contrary to 
the classical case, it is impossible to determine with certainty 
an unknown quantum state when one owns only one copy of 
it. When measuring a quantum state, state-collapse happens 
so that one gets different measurement values of the eigen- 
states with probabilities. To experimentally identify a quan- 
tum state, one needs the process of quantum state tomogra- 
phy: one has to measure the states prepared by the same de- 
vice for large numbers of times so as to get the information 
of probabilities corresponding to each eigenstate. Moreover, 
the situation becomes even more worse because one cannot 
indeed make a perfect copy of an unknown quantum state, as 
indicated by the quantum no-cloning theorem lU-lstl- 

Quantum no-cloning theorem can be proved by using the 
superposition principle and the linearity of quantum transfor- 
mations. The impossibility of perfect cloning seems at first 
annoying restriction, but it can be used favourably. During 
the nearly 30 years since its discovery, the no-cloning theo- 
rem has had a significant impact on the development of quan- 
tum information theory: it renders the classical error correc- 
tions futile on quantum states fllH, and plays a vital role in 
the security of quantum cryptography . On the other hand. 
Bell's theorem has been regarded as "the most profound dis- 
covery in science" Based on local hidden variable model, 
multipartite systems separated by arbitrarily long distance sat- 
isfy some classical bounds in the form of Bell's inequalities, 
and the violation of which thus implies quantum nonlocality 
||8i,i9|]. As basic tenets in quantum information theory, the no- 
cloning theorem and Bell's theorem have profound implica- 
tions in quantum information and related fields. Despite these 
significant impacts, their deeper implication however has yet 
to be explored. In this work we investigate the connection be- 
tween quantum no-cloning theorem and Bell's theorem. With 
the presence of some Bell's inequalities, we show that quan- 
tum no-cloning theorem can always be certified by Bell's the- 
orem. 

Let us briefly review the quantum no-cloning theorem. In 



the simplest case of one qubit, initially one has as input an 
arbitrary Schrodinger's cat state 



IV'^^)=cos| |0)+sin|e^'^ |1), 



(1) 



where the parameters ^ £ [0, tt], (/s £ [0, 27r], and |0) and |1) 
are orthonormal bases for the two-dimensional system. If one 
has an operation U2 duplicating the states |0) and |1) in the 
following way: Z^2|0)|0) ^ |0)|0), U2\l)\Q) ^ then 
this yields an output quantum state as 



U2wm ^ 1^2) 
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|1>|1), (2) 



which is obviously not equal to IV''^'^) ® Therefore the 

operation U2 is not a quantum cloning machine (QCM), or a 
perfect 1—^2 quantum cloning is impossible. It is clear that 
■(/'2 ) is an entangled pure state of two qubits except ^ = , tt, it 
violates the Clauser-Horne-Shimony-Holt (CHSH) inequality 
I n|] that reads 
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(Q11 + Q12 + O21-Q22) < 1, 



(3) 



where Qij = 1, 2) are correlation functions for two sub- 
systems. The violation of the CHSH inequality by \ip2) tells 
us the existence of nonlocality. Recall that \tp2) is gener- 
ated by the action of U2 on one-qubit Schrodinger's cat state, 
such a nonlocal phenomenon of IV'2) shows the impossibil- 
ity of perfect quantum cloning. We then extend the consid- 
eration to iV-qubit case. If there is an operation Un such 
thatZ^Ar|0)|0)---|0) ^ |0)|0)---|0), Z^Ar|l)|0) • • • |0) ^ 
acting on the initial Schrodinger's cat state, we 

have 



UN\ri\o)---\o) 



COS - |0)|0) 



|0) 



sin|e*ni)|l)' 



|l)-(4) 



The state \iIjn) is an A^-qubit entangled pure state rather than 
a separable state l^/"*"^) ® • • • 1^'''^). This tells us that 
Un is not a perfect 1 ^ N QCM. According to the well- 
known Gisin's theorem |T3- 15], any entangled pure state al- 
ways violates some Bell's inequalities, thus the non-existence 
of 1 ^> perfect QCM can be certified by Bell's theorem. 
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Then a natural question arises: Can this certification hold for 
mixed-state case? 

In practical quantum information and computation proto- 
cols, noise is always an inevitable issue. In the presence of 
white noise, initially the input one-qubit Schrodinger's cat 
state is in a mixed state as follows 

P'' = Vpo + ^—^h (5) 

where po = IV''^'^) hl'^'^V ^ = Sm=o is one-qubit iden- 

tity matrix, //2 represents the density matrix of white noise 
for single qubit, and V G [0,1] the so-called visibility. Fur- 
thermore one can recast p''^ to a form as (1 + • i?)/2 and 
finds that p^'^ has indeed run over all the one-qubit states in 
the Bloch sphere, here a is Pauli matrix vector and r is the 
Bloch vector Through the action of on p^'^, one gets an 
output state as 

P2 = v\i'2){^i\^^—^iT. (6) 

where /™/2 = (|00)(00| + |ll)(ll|)/2 is the density ma- 
trix denoting colored noise for two qubits. It is obvious that 
P2 is not equal to p^'^ ® p^^ . Let us examine the violation of 
the CHSH inequality by the state p^- The quantum predic- 
tion for correlation function reads Qy = Tr(/92t?riA ® ^ns )' 
with (Tf,4^ = fiA, ■ a, ang. = fiB^ ■ S = 1,2), 

fiAi = (sin^yi; COS 0^1. , sinffyi; sint/)^. , cos^yij and = 
{siTL9BjCOS(j)Bj,s,in9BjSin(j)BjTCOs9Bj) = 1,2) are 

unit vectors describing measurement directions for subsys- 
tems A and B respectively. Choose the measurement setting 
as = (/>si = (t>B2 = = 0, 9a2 = 7^/2, 6*^2 = 
—9bi, (f>A2 ~ the left-hand side of the CHSH inequality 
©becomes {cos9bi + sin ^ sin 6*3^ ) < y/l + {V s'm^)^. 
In Fig. [T]we plot the variation of the quantum violation versus 
visibility V and parameter ^. It is clear that, except for the 
points at = 0, ^ = 0, tt, the output state p2 always violates 
the CHSH inequality (O and hence exhibits there is no perfect 
1^2 QCM. This result is remarkable; it tells us that the non- 
existence of perfect 1 — > 2 QCM can be certified by Bell's 
theorem even when initially the one-qubit Schrodinger's cat 
state is in the presence of white noise. 

The above conclusion can be extended to the case of perfect 
1 N QCM. Consider the state p^ produced from p^^ by the 
action of Un, we have 

PN = V\i:N){M + ^-^lN, (7) 

where = |0...0)(0...0| + |1...1)(1...1|. We have the fol- 
lowing two theorems. 

Theorem 1. — ^For even-iV, the non-existence of 1 — !> per- 
fect QCM can be certified by Bell's inequalities: 

= 2JV-I ( Qiii2...iN j ~ '322...2 < 1, (8) 

^ 41,12, ■■■,iN = l 




FIG. 1 : (Color online) Quantum violations of the CHSH inequality 
by p2 versus ^ and V . Except for the points at V = 0, ^ = 0, tt, the 
quantum prediction of the left-hand side of the CHSH inequality (|3j 
is always larger than 1 . The point of 1/ = represents the two-qubit 
colored noise and the points of ^ = 0, tt reflect separable states. 

where correlation functions Qi^i2...iN = Xii^X2i2 ■ ■ ■ X^iff, 
Xni„ ~ ±1, and in indicating settings for each subsystems. 

Proof. — For TV = 2, the inequality (O reduces to the CHSH 
inequality, thus we need to prove Theorem 1 from iV = 4. 
We firstly consider the four-qubit case and then generalize to 
arbitrary even N . For = 4, the inequality ^ reads 

I* = i(Qllll+Qlll2 + ... + 02222)-Q2222 <1.(9) 

Given Qijki = aibjCkdi, terms in the above bracket are sim- 
ply the expansion of ^ = | (ai + 02 ) (^i + ^2 ) (ci + C2 ) {di + 
d2), which may take only three distinct values of {—2, 0, 2} 
because a^, bj, Ck, di = ±1. Moreover, the value of Q2222 is 
related to y, hence the quantity I** has a certain upper bound. 
For instance, when y ^ 2, then (52222 = a2b2C2d2 = 1, so 
I'* = 1; when y = —2, then (32222 = —1, sol^ = —1; when 
3^ = 0, then I'' < 1 since (52222 is either 1 or —1. Therefore 
the inequality I** < 1 holds for any situation. 

Quantum mechanically, the correlation function consists 
of two parts: Qiju = VQi + (1 - V)Q2 where 

Ql = Tr(|^/'4)(l/)4|CTft^. (E) dfis^ ® Snc^ ® ^no,)^ ©2 = 

iTr(/™(Tft^^ (g) cTng, (g) (Tftp^ (g) (Tfio^)- The relative phase 
angle ip in the state \iIjn) can be set to zero by some local 
unitary transformations, for our purpose. For simplicity, here- 
after the relative phase is simply omitted. For four-qubit case, 
calculation result shows 

Ql = cos 9ai COS 9i,. cos 0cfc cos 9di + sin ^ sin 6'a; sin 9]^^ 
X sin6'cfc sin6ld, cos{(t)a, + (t>b, + 4>Ck + 4>di), 
Q2 = cos cos 6*6^ cos ^Cfc cos 6*^, , (10) 
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and thus Qijki = cos cos 0f, cos cos 0^, + 
V sin ^ sin sin Of, . sin 9c^ sin . In the following, 
we would like to choose some appropriate settings to 
simplify the expression of 2^. These settings are not the 
optimal settings that lead to the really maximal violation 
of I*, but sufficient to show clearly the quantum violation 
of the inequality We choose the settings as follows: 

0a. = (pbj = 4>Ck = 4>di = 0, 6d^ = 9c, = = TT - 9a,, 

{i,j,k,l = 1,2), then according to (|9]l, the quantum 
mechanical expression of I"* reads 



sin ^ (sin 9ai + sin 9a2 )^ 
-8 cos'^ 9a2 — sin ^ sin^ 9a2 



(11) 



Next, let 9a2 = tt, we have 
_„ 1 

Fsin^ sin'' 9ai 



'-QM 



y sin^ sin"* (?ai — (1 — cos^ai)'^] 



1 



8 



tan 



(12) 



One can verify that when < 9ai < 2 arctan[(V^sinf) ' ], 
Xqj^ is always larger than 1 . Hence the non-existence of 1 — !> 
4 perfect QCM can be certified by Bell's inequality 2* < 1. 

The generalization to arbitrary even-iV case is straightfor- 
ward. The summation term in (|8]i is binomial expansion of 
y = 2^(Xn+Xi2)(X2i +X22) • • • {Xni+Xn2), which 
may take only three distinct values of {—2, 0, 2}, and the value 
of Q22...2 is related to y. Similar to the analysis of the four- 
qubitcase, when y ^ 2, then Q22...2 = 1, sol^ = 1; when 
y = -2, then Q22...2 = -1, so 2^ = -1; when 3^ = 0, then 
< 1 since Q22...2 is no larger than 1. Hence inequality 
2^ < 1 is always fulfilled in local hidden variable descrip- 
tion. In quantum mechanics, we similarly have 

Q11I2...IN = C0s6'iij COs6'2i2 • ■ • COS^jVjjv 

+y sin^ sin^iij sin02i2 ' ' 'Sin^Ari^ 

X COs(0Hi + 0212 H h^ATijv). (13) 

After setting (jiu^ = 02^2 = • ■ • = (l)NiN = 0, 6*^1 = • • ■ = 
921 = TT — 9ii, 9m2 = ■ ■ ■ = 922 = TT — 9i2, and 9i2 = tt, we 
obtain the following quantum expression as 

1 



'-QM 



-[2 



2N- 



y sin ^ sin 6*11 — (1 — cos 6*11 



,7Vi 



T/sinesin^^n 

+ 9Af-l ' 



tan^ 
y sin^ 



(14) 



Clearly, when Q < On < 2 arctan[(V^ sin^)i/^], 2^-^ is al- 
ways larger than 1 . Theorem 1 is henceforth proved. 

Theorem 2. — For odd-iV, the non-existence of 1 iV per- 
fect QCM can be certified by Bell's inequalities: 
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2jv-i I 5Z 

ii ,...,ijv-i = l iiv=0 



Qiii2...iN ) ^ Q22...20 < 1, 



(15) 



with ijv = indicating that no measurement is performed on 
the iV-th qubit. 

Proof. — Actually, Bell's inequality 2^ < 1 in (O also 
holds classically for the odd-A^ case. However, it cannot de- 
tect all the non-existence of 1 — ^ perfect QCM for the odd- 
N case when the visibility V is sufficiently small, and due 
to this reason we resort to other form of Bell's inequalities. 
Substituting Xn2 = 1 into inequality one then arrives 
at Bell's inequality ( fTSl l, which can certify that there are no 
1 odd-iV perfect QCM except F = 0, ^ = 0, tt. 

Quantum mechanically, the inequality (fTsT i consists 
of two kinds of correlation functions, that is, full 
iV-particle correlation Q = Tr((T;ij (g) (Jn^ ® ■ ■ ■ ® 



V cos ^ cos 9ii-^ cos 02i2 ■ • ■ cos ^jVijx 



F sin ^ sin 6*1.; J sin6'2i2 ■ • ■sm9Nit, cos(0iij + ^212 + ' • ' 
(f'NiK ) and ~ l)-particle correlation Q' = Ti{(Tn^ ® dn^ 
• • • ® 1 pn) = cos ^lij cos 02 



After setting 



7222 • • • COS tiNiN ■ 
t>2i2 = • • • = 4>NiN = 0, 

9nir, = f ^ *nj 7^ 1)' and 012 = 0, then one 

finds that Qm...!! = sin ^ sin 6*11, Q122...20 = 
— COS011, Q222...20 — ^1. and the others are zeros. Hence 
the quantum expression of 2^ in ( fTSl l becomes 



-tN _ 



1 



2N 



— {y sin f sin 6*11 — cos On — 1) 



v/TT(yih^sin(6ln + A) - 1 



(16) 



with A 
TT, one has 2, 



arctan 



When 2 arctan 



< 



N 
QM 



> 1. Therefore the violation of Bell's theo 



< 



rem always exists for the odd-A^ case. This ends the proof. 

In summary, starting from an input single-qubit 
Schrodinger's cat state, the non-existence of perfect 1 — > 
QCM can always be certified by Bell's theorem even in the 
presence of noise. Because of the no-cloning theorem, the 
input one-qubit Schrodinger's cat state cannot be perfectly 
copied, and this results in the violation of Bell's inequalities 
by the output state. It is noted that the relation between Bell's 
inequality and quantum no-cloning theorem has also been 
investigated in a different way Ola, llTT . Starting from the 
assumption that Alice and Bob share nonlocal correlations, 
Werner showed that the violation of CHSH inequality leads 
to quantum no-cloning theorem iflill . Later Masanes et al. 
extended the result to nonsignaling theories iITtIi . Different 
from the above literatures, our investigation begins from 
the single-qubit Schrodinger's cat state that does not have 
the assumption of original correlation between subsystems. 
Our result demonstrates that the no-cloning theorem is 
fundamentally linked to quantum nonlocality and gives 
new sights into the nature of quantum no-cloning theorem. 
We anticipate our work will initiate further exploration of 
no-cloning theorem and quantum nonlocality for the purpose 
of better understanding our quantum physical world. 
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